Holm introduced m-free ℓ-arrangements as a generalization of free arrangements, while he asked whether all ℓ-arrangements are m-free for m large enough. Recently Abe and the author verified that the Holm's question is false when ℓ ≥ 4. In this paper we verify that the Holm's question is true when ℓ = 3. Meanwhile we compute m-exponents, using the intersection lattice.
Introduction
Let K be a field of characteristic zero and let V be an ℓ-dimensional vector space over K. A (central hyperplane) arrangement A , or (A , V ), is a finite set of hyperplanes in V which contain the origin. We call A an ℓ-arrangement when we emphasize the dimension of V .
For a k-dimensional vector space Ω and for a K-basis {ω 1 , . . . , ω k } for Ω, a Kbasis {ω ∂ 1 = ∂/∂x 1 , . . . , ∂ ℓ = ∂/∂x ℓ as partial derivatives. For any hyperplane H ∈ A , there exist a linear form α H in the dual space V * such that {α H = 0} = H. We call Q := Q(A ) := H∈A α H a defining polynomial of A . The cardinality n = |A | of the arrangement A equals the degree of Q.
Let N = {0, 1, 2, . . . } be the set of nonnegative integers and let m ∈ N. For a = (a 1 , . . . , a ℓ ) ∈ N ℓ , we denote that We say that an arrangement A is m-free if D (m) (A , V ) has linearly independent generators θ 1 , . . . , θ sm(ℓ) over S, and the set {θ 1 , . . . , θ sm(ℓ) } of such generators is called a free basis. Let S i be the vector space consisting of homogeneous polynomials of degree i in S. For θ = |a|=m f a ∂ a ∈ D (m) (S), we write deg(θ) = i if f a ∈ S i for each a. A multi-set exp m (A , V ) of m-exponents of an m-free arrangement A is defined by exp m (A , V ) := {deg(θ 1 ), . . . , deg(θ sm(ℓ) )} = {e where e i ∈ exp m (A , V ) means that the integer e occurs i times in the multi-set exp m (A , V ). We usually call 1-free arrangements free arrangements. Free arrangements have been studied, relating with combinatorics of hyperplane arrangements. Especially the addition-deletion theorems [9] and Terao's factorization theorem [10] describe relations of a free arrangement and the intersection lattice
(see also [7] ). For m ≥ 2, the m-free arrangements are introduced by Holm [2, 3] for studying the ring of differential operators on A , which is a quotient ring of the Weyl algebra (see [4] ). Especially Holm [2] proved that 2-arrangements are m-free for all m ≥ 0 by constructing free bases, and these bases are used in [5] to prove that the ring of differential operators on a 2-arrangement is a left and right Noetherian ring. It is also an interesting problem to observe the behavior of m-freeness. Holm [2] asked whether all arrangements are m-free for m large enough. It is shown that generic ℓ-arrangements (i.e., every ℓ hyperplanes of A intersect only at the origin) are m-free if and only if m ≥ n − ℓ + 1 [2, 6] . This means that the Holm's question is true for generic arrangements. However for any ℓ ≥ 4, there exist an ℓ-arrangement A such that A is not m-free for all m ≥ 0 (shown by Abe and the author [1] ). This means that the Holm's question is false for ℓ ≥ 4. In this paper we verify that the Holm's question is true for 3-arrangements by proving that all 3-arrangements are m-free for all m ≥ n − 2. After that we compute the m-exponents of 3-arrangements for all m ≥ n − 2, depending only on L(A ).
The paper is structured as follows. In Section 2 we argue a change of variables of S and we define submodules of D (m) (A , V ) for X ∈ L(A ) with dim K (X) = 1. In Section 3 we prove that 3-arrangements are m-free for all m ≥ n − 2. For this purpose we prove that D (m) (A , V ) is a direct sum of the free modules, using the submodules defined in Section 2. Finally in Section 4 we compute the m-exponents.
Change of variables
For any arrangement A , let
For X ∈ L(A ), a localization A X of A at X is defined by
This means that δ X is in the right hand side of (2.4). It remains to prove that the dimension of the right hand side of (2.4) equals one. Let {e 1 , . . . , e ℓ } be a basis for V for which {x 1 , . . . , x ℓ } is the dual basis. Since
Hence the assertion follows from
The linear map δ X :
We have a split exact sequence
and there exists a section ι X : K → V * such that δ X • ι X = id K , where id K is the identity map of K. We define
and let {y 1 , . . . , y ℓ−1 } be a K-basis for V * X . We note that δ X (y X ) = 1 and δ X (y i ) = 0 for any 1 ≤ i ≤ ℓ − 1. Let {δ 1 , . . . , δ ℓ−1 , δ ℓ } be the dual basis for the basis
Hence we may consider {y 1 , . . . , y ℓ−1 , y X } as variables of S with the partial derivatives {δ 1 , . . . , δ ℓ−1 , δ X }.
Example 2.2. Let ℓ = 3. Let us consider the 3-arrangement A consisting of four hyperplanes Figure 1 ). The elements of L(A ) 1 are
and
By Proposition 2.1, we may consider as follows:
We write
3 Freeness when ℓ = 3 and m ≥ |A | − 2
In this section we prove that any 3-arrangement A is m-free when m ≥ n − 2. An arrangement A is said to be essential if H∈A H = {0}. We first consider a nonessential arrangement, which is a direct product of a 2-arrangement and the empty 1-arrangement. Holm proved the following.
where e i ∈ exp m (A , V ) means that the integer e occurs i times.
In addition Abe and the author characterised the m-freeness of product arrangements as follows. . We next consider essential 3-arrangements. In the rest of this section, we assume that A is an essential arrangement. Then L(A ) 1 is not empty. We also assume that ℓ = 3 and m ≥ n − 2. Let H n+1 , . . . , H m+2 be distinct hyperplanes in V with H i ∈ A for n + 1 ≤ i ≤ m + 2 if m > n − 2. We define an arrangement A by
Then A is also an essential arrangement and L( A ) 1 is not empty. We write n := | A | and then m = n − 2. Let X ∈ L( A ) 1 . We use the variables y 1 , y 2 , y X and the derivatives δ 1 , δ 2 , δ X defined in Section 2. Let
we set a K-basis B(X, j) for the vector space (S X ) j of homogeneous polynomials of degree j in S X . Then we define a set B by
For any 0 ≤ j ≤ i X , let {∂ u | u ∈ B(X, j)} be the dual basis for B(X, j), that is,
Example 3.3. We consider the same 3-arrangement A as Example 2.2, i.e., Q(A ) =
We can take B(
(2) Let m = 3. We take a hyperplane H 5 := {x 1 +x 2 = 0} and set A = A ∪{H 5 }. The elements of L( A ) 1 are X 1 := {x 1 = 0, x 2 = 0}, X 2 := {x 1 = 0, x 3 = 0}, X 3 := {x 2 = 0, x 3 = 0}, X 4 := {x 1 = x 2 , x 3 = 0} and X 5 := {x 1 = −x 2 , x 3 = 0}. Then δ X , y X , S X , i X and P X (X ∈ L(A ) 1 ) are given by the following table.
We prepare Lemma 3.4 and Proposition 3.5 to prove that B is a K-basis for the vector space S m and that B * is the dual basis for B.
Proposition 3.5. Let A be an essential 3-arrangement.
(1) We have the following set equation
where the right hand side is a disjoint union.
Proof.
(1) It is obvious that B ⊆ A X |B| = 2 ⊆ B ⊆ A |B| = 2 for any X ∈ L( A ) 1 . Conversely let B = {H, H ′ } ⊆ A . We set X := H ∩ H ′ ∈ L( A ) 1 and then B ⊆ A X . Therefore B belongs to the right hand side of (3.5).
Next we prove that if X, Y ∈ L( A ) 1 with X = Y then, Ω := {B ⊆ A X | |B| = 2} ∩ {B ⊆ A Y | |B| = 2} is the empty set. We suppose that Ω is not empty and let
′ and hence X = Y . The argument above imply that the right hand side of (3.5) is a disjoint union.
(2) We have
by the equation (3.5).
Proposition 3.6. Let ℓ = 3. The set B is a K-basis for S m and B * is the dual basis for B.
Therefore we have
It remains to prove that |B| equals the dimension of S m . By counting the numbers of monomials of degree i in ℓ variables in two ways, we have s i (ℓ) = 
Therefore B is a K-basis for S m and B * is the dual basis for B.
Let
Then we have
We use Proposition 3.7 (see also [1, Corollary 2.5]) in order to prove Theorem 3.8. In addition Theorem 3.8 is the key to the proof of our main theorem. 
as S-modules.
Proof. Let X ∈ L( A ) 1 , let 0 ≤ j ≤ i X and let θ ∈ D (j) (A X , V X ). We recall that δ X (Q X ) = 0 by Proposition 2.1. For any f ∈ S,
This means that
Here we fix X ∈ L( A ) 1 and 0 ≤ j ≤ i X . Since P X is divided by P X , θ( P X u y i X −j X ) ∈ P X S for any u ∈ B(X, j). For any H ∈ A X and for any f ∈ (S X ) j−1 , since
This implies that u∈B(X,j) θ( P X u y
It follows from Proposition 2.1 that the right hand side of (3.8) is a direct sum.
Corollary 3.9. An essential 3-arrangement A is m-free when m ≥ n − 2.
Proof. By Proposition 3.1,
In the next examples, we use the following criterion for D (m) (A , V ), which is first given by Saito [8] for D (1) (A , V ) and which is generalized by Holm [2] for
Theorem 3.10 (Saito's criterion). Let A be an ℓ-arrangement and let
. . , θ sm(ℓ) ) = cQ t for some c ∈ K \ {0} if and only if the set {θ 1 , . . . , θ sm(ℓ) } is a free basis for D (m) (A ).
Example 3.11. We consider the same 3-arrangement A as Example 2.2 and Example 3.3, i.e., Q(A ) = x 1 x 2 x 3 (x 1 − x 2 ).
(1) Let m = 2. Then A = A and
Hence by Theorem 3.8,
and exp 2 (A , V ) = {1, 2, 3, 2, 2, 2}.
(2) Let m = 3, let H 5 = {x 1 + x 2 = 0} and let A = A ∪ {H 5 }. Then P X (X ∈ L( A )) 1 are given by
By Saito's criterion and Theorem 3.8, we have
and exp 3 (A , V ) = {1, 2, 3, 3, 3, 3, 2, 2, 2, 3}.
By Saito's criterion, the sum of m-exponents of A equals n m+1 2 if ℓ = 3 and A is m-free. We give another proof of this assertion without using Saito's criterion when ℓ = 3, m ≥ n − 2 and A is essential.
Proof. It is enough to prove that 9) where the right hand side is a disjoint union. It is obvious that the right hand side is included in the left hand side. Conversely let H ∈ A and let H ′ ∈ A \ {H}. Since H = H ′ , the dimension of X := H ∩ H ′ equals one. We have that H ∈ A X and
This means that the right hand side of (3.9) is a disjoint union.
In the rest of this paper, for a multi-set Ψ and integers e and i, e i ∈ Ψ means that the integer e occurs i times in Ψ. Let X ∈ L( A ) 1 and let 0 ≤ j ≤ i X . If
We recall that deg(P X ) = n − |A X |. Then the multi-set of degrees of a free S-basis for SP X D (j) (A X , V X ) is
by Proposition 3.1. Here the sum of degrees of a free S-basis for
The sum of degrees of a free S-basis for
Therefore by Proposition 3.5 and Proposition 3.12, the sum of the m-exponents of A is
We remark that the argument above proceeds even though we take another hyperplanes H n+1 , . . . , H m+2 .
Example 3.13. We consider the same 3-arrangement A as Example 2.2, i.e., Q(A ) = x 1 x 2 x 3 (x 1 − x 2 ). Let m = 3. In Example 3.11 we have already constructed a free S-basis for D (3) (A , V ). In this example we construct another Sbasis for D (3) (A , V ) by taking a hyperplane H
x 3 } and X 8 := {x 2 = x 3 , x 1 = 0}. Meanwhile δ X , i X , and P X are given by the following table.
Since K is an infinite field, we can take (a 1 , . . . , a ℓ ) in the complement of 
Let G X = A X . We suppose that |G X | ≥ 3. Then there exist i ≥ n + 1 and X ′ ∈ L(A ∪ {H ) }.
Proof. By Corollary 3.9, (A , V ) is m-free when ℓ = 3 and m ≥ n − 2. By Lemma 4.2, Remark. Let A be a generic ℓ-arrangement. Then A is m-free if and only if m ≥ n − ℓ + 1 [6] . The "if" part of this result coincides with Theorem 4.3 when ℓ = 3. In addition if ℓ = 3 and n = 4, then A is not 1-free. This is an example such that a 3-arrangement is not m-free when m = n − 3.
